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Abstract:  This  paper  is  devoted  to  the  application  of  unilateral  models  to  the  stress  analysis  of  masonry  structures.  Some  2d
applications  of  what  we  can  call  the  simplified  masonry-like  model  for  masonry,  are  discussed  and  studied.  The  results  here
presented demonstrate that the unilateral model for masonry can be a useful tool for modeling real masonry structures. The main
technique here employed for applying the No-Tension model to structures is the systematic use of singular stress and strain fields
within the frame set by the theorems of Limit Analysis. A number of simple examples is discussed to illustrate the method.
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1. INTRODUCTION

The present work is concerned with the application of the theorems of Limit Analysis to unilateral masonry-like
structures. The unilateral model for masonry, that, though in a mathematically unconscious way, has been around since
the nineteenth century (see Moseley [1]), was first rationally introduced by Heyman in [2] and divulgated and extended
in  Italy,  thanks  to  the  effort  of  Salvatore  Di  Pasquale  [3]  and  other  members  of  the  Italian  school  of  Structural
Mechanics, such as the Romano brothers [4], Baratta [5], Del Piero [6], Como [7], Angelillo [8], Angelillo & Giliberti
[9 - 11], and Angelillo & Olivito [10]. The analysis of masonry-like materials can be conducted within the frame of
limit analysis, specifically by applying the static and kinematic theorems on the basis of admissible stress and strain
fields (see [12]). Here we focus on the static theorem, the main tool being represented in 2d by statically admissible
singular stress fields, in the form of line Dirac deltas applied on material lines. The support of these Dirac deltas can be
interpreted an internal bars/arches.

If such a structure can be created inside the masonry and it is compressed, then the masonry body is safe through
which the safety of the structure can be assessed. The use of singular stress fields for the problem of equilibrium of
masonry-like,  No-Tension  materials  in  2d,  has  been  recently  introduced  by  Silhavi  et  al.  [13]  in  and  applied  to  a
reinforcement  problem  by  De  Faveri  et  al.  in  [14].  Here  we  propose  a  simple  method  based  on  a  stress  function
formulation, from which both the shape of the structure and the force field inside it, are easily generated. The use of
folded stress functions for describing singular stress fields in elastic bodies was first introduced in Fraternali et al. [15] .

The general organization of the paper is as follows. Sections 2 is concerned with some basic notions concerning
singular  stress  and  strain.  In  Section  3  we  formulate  the  Boundary  Value  Problem  (BVP)  for  unilateral  masonry
materials  modelled  as  Rigid  No-Tension  (RNT)  materials,  that  is  unilateral  materials  for  which  the  latent  strains
(fractures) satisfy a normality condition with respect to the admissible stresses. The first tool that can be introduced for
applying the unilateral No-Tension model to masonry structures is the systematic use of singular stress and strain fields,
within the framework defined by the two theorems of Limit Analysis [16, 17]. In the final section a number of simple
examples are presented as illustration of the method.
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Strictly Admissible Stress Fields and Load Classification

In order to formulate the theorems of Limit Analysis, we need to introduce the following definitions.

On denoting  the work of the load  for the displacement u, the load can be classified as follows:

(38)

(39)

(40)

We also now introduce a useful definition. A stress field T  such that tr T < 0 and det T > 0,  is said
to be strictly admissible.

Notice that, if T is strictly admissible, then at each point of Ω (that is the open set Ω to which the fixed part of the
boundary ∂ΩD is added) it results:

(41)

σ1, σ2 being the eigenvalues of T at the point x.

Kinematic Theorem

If  is a collapse load (in the sense of item (1) above) then  is void.

Static Theorem

If a strictly admissible stress field T exists, then the load  is safe (in the sense of item (3) above).

Limit Theorem

If  is not void and there exists  then the load  is limit (in the sense
of item (2) above).

For the proof of these theorems we refer to the paper [31]. The reader must be warned that the proofs given by Del
Piero refer to a similar function space for the displacement but to a different functional setting for the stress (namely L2

(Ω)). In the present paper we assume that these theorem are still valid in the present larger setting for the stress and
smaller setting for the displacement5.

5. SIMPLE APPLICATIONS OF THE THEOREMS OF LIMIT ANALYSIS

5.1. Example 0. Compressed Wall/Pier

The first simple example we consider, is concerned with an elementary problem for which regular stress fields can
be  derived  from  the  stress  function  formulation.  The  example  shows  the  effect  that  a  slight  change  of  boundary
conditions, can have on the problem. The two simple BVP depicted in Fig. (9) are considered. The first one (Fig. 9a)
refers to a rectangular wall compressed at the two bases by uniform normal tractions. The second example (Fig. 9b) is
the same wall compressed at the top base by a uniform pressure load and fixed at the bottom base. By employing the
Airy's representation and by using the static and kinematic theorems, it can be shown that in case (a) the load is limit
and in the second case the load is safe.
5 For general stress and strain fields that can be line Dirac deltas on a finite number of regular arcs the internal work ∫ΩT.E is not defined. Considering
the restrictions which define the sets H and K, that is taking into account the constraints on T and E, the only case in which there are troubles in
computing the internal work (if T and E are so restricted) is when both the stress and the strain are singular on the same line Γ, the line is curved and
there is a stress discontinuity in the direction of the normal m to Γ. A way to avoid this is to allow stress singularities on curved lines but to assume
that the support of the jumps of u is a segmentation, that is a line formed by the union of a finite number of segments.
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