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Abstract: Displacements of a structure depend on its geometry, properties of the material and acting loads. The presence 

of cracks in the structures originates local rigidity changes affecting its static and dynamic behavior. In this paper different 

methodologies for damage identification, based on the static response of reinforced concrete shells are formulated. The 

first three damage analysis stages, namely, detection, location and quantification are analysed using as study parameters 

the vertical displacement, elastic curvature, elastic curvature variation and volumetric displacements. Numerical 

simulations were carried out, with models analyzed by the Finite Element Method. In order to validate the damage 

identification capability of the proposed methodologies the sensitivities of the various parameters proposed for damage 

identification were investigated. 

Keywords: Shell, crack, damage detection, displacement, static response. 

INTRODUCTION 

 The structures in normal service can be exposed to 
factors like impact loads, wind, earthquakes, corrosion, 
fatigue and aging among others. These factors can damage 
the structural elements by reducing the structural stiffness at 
the damaged zone thus changing its static and dynamic 
behavior. In order to monitor the integrity of structures 
periodically a non destructive damage evaluation technique 
is necessary. A structural damage evaluation technique, 
based on non destructive tests, addresses the problem of how 
to detect, locate and quantify damage that occurred in a 
structure by using the observed modifications of its dynamic 
and/or static behaviour. Among the non-destructive methods 
of damage detection are those which consider the changes in 
the dynamic response of the structure, i.e. natural 
frequencies, mode shapes, etc. These have been treated by 
several authors so there is a vast collection of publications of 
this topic [1-8]. 

 In relation to non-destructive methods of damage 
detection that consider the changes in the static response of 
the structures, i.e. displacement variations and/or strain, there 
are few publications [9-14], even though normally, the 
design and analysis of a great quantity of civil structures, is 
carried out with this type of loads.  

 Depending on the analyzed structure and the equipment 
availability to make the measurements in situ, one method, 
dynamic or static, could be more convenient than another, 
and in some cases, complementary [15]. 

 It is necessary to mention that a damage identification 
algorithm includes four different analysis stages: damage 
detection, location, quantification and finally, the prediction 
of the remaining service life and/or residual strength of the 
structure. 
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 This paper presents the application of nondestructive 
methodologies for damage identification, based on the static 
response of reinforced concrete shells. The first three 
damage analysis stages, that is, detection, location and 
quantification are analysed. Furthermore the sensitivities of 
the different proposed parameters for damage identification, 
i.e. vertical displacement, elastic curvature, elastic curvature 
variation and volumetric displacement are investigated. 

DAMAGE DETECTION, LOCATION AND 

QUANTIFICATION  

 As mentioned in the introduction, a damaged structure 
has less stiffness than an undamaged similar structure. This 
can be noted in the static response, i.e. through the 
displacements as well as through the strains produced by 
acting loads. 

 The structure displacements and strains are related to its 
geometry, the mechanical properties of the material and the 
acting loads. Damage can be due to a change in its designed 
geometry or a change in the mechanical properties of the 
material. Three methods, for detection and location of 
damage, are presented and compared in this paper. They are 
based on the analysis of their static response and the 
measured variables are the vertical displacements.  

 Representative models of reinforced concrete parabolic 
cylindrical shell, with and without damage, were made. 
These were analyzed by a commercial software which uses 
the Finite Elements Method [16]. As a result, the vertical 
displacement values in different points of the surface were 
obtained. 

 It must be kept in mind that the vertical displacement 
values can be experimentally obtained, measured in the 
actual structure or in a experimental model to scale, or using 
a numerical model. The final results of the numerical model 
will depend, among other things, on the quality of the mesh, 
mechanical properties of the material, boundary conditions, 
etc. 
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 In relation to experimental measurements, damage 
prediction accuracy depends on the uncertainty related to 
measurement errors. Since the methodologies presented are 
intended for on site use, it must be kept in mind that 
experimental measurements are sensitive to various factors, 
namely., temperature, moisture, noise linked to electronic 
components of apparatus, type of instrumentation used in the 
experimental measurements such us, LVDT (Linear Variable 
Differential Transformer), mechanical displacements gauges, 
the availability of equipment associated with the 
measurement points density, etc. If there are suspicions that 
an area in the structure is damaged and the equipment 
availability is limited, most of the equipment can be placed 
in the apparently damaged zone, distributing the others in the 
rest of the structure, with a much lower density. 

Numerical Modeling  

 Fig. (1a) represents the middle surface geometry of a 
parabolic cylindrical shell, analyzed in this work. In the 
direction of the “x” axis there is a 15 m. The total length, in 
the direction of the “y” axis, is 40 m composed of four 
longitudinal ten meters spans and the shell is supported by 
10 m columns. The model has a 0.30 m x 0.20 m 
longitudinal edge beam. The shell thickness (h) is 0.10 m. 
The free edges, in the x direction, have the same thickness as 
the shell. Steel tensors were located in the match area of the 
shell and the columns (Fig. 1b). 

 The parabolic cylindrical shell was modeled with four 
nodes rectangular plate / shell elements. At the match area of 
the columns and the tensor the mesh was refined with 
triangular elements. The columns were modeled with beam 
elements and the tensors with truss elements. Approximately 
8500 plate-shell 0.20 x 0.40 m elements were employed in 
the whole model. The adopted mesh density was chosen to 
ensure adequate precision in the displacement obtained. 

 Damage is modeled by means of a change in the structure 
geometry, through a decrease of the shell thickness at the 
deteriorated zone that modified the Moment of Inertia. This 
is a situation that actually occurs, for example when as a 
consequence of the reinforcement corrosion, the concrete 
cover falls off, or when an unexpected specific overload acts 
on the structure, cracking it. 

 The applied loads correspond to the weight of the 

structure itself plus a distributed vertical load of 1000 N/m
2
.  

 The material properties for the models are E = 2.07x10
10

 

N/m
2
;  = 0.15 and  = 2405 Kg/m

3
, corresponding to 

strength reinforced concrete of 2x10
7
 N/m

2
 (20 MPa).  

 Since shell structures have good mechanical behavior and 

in general are not sensitive enough to the appearance of 

reduced dimensions affects on its surface, affected zones of 

different sizes were modeled (minimal dimensions 0.40m x 

0.40m), by means of the decrease in rigidity, varying its 

thickness to take the damage into account, through a 

parameter “a”, which represents the thickness reduction of 

the shell in the damaged areas. For example, when a/h = 0.4, 

the remaining shell thickness (useful thickness from a 

mechanical point of view) is 60 %, but the remaining inertia 

moment is 22 %, due to the fact that the inertia moment is 

proportional to the thickness cubed, while the damage is 

increased to values of a/h = 0.6, the remaining shell 

thickness is 40 % and the remaining inertia moment is 6 %. 

 

(a) General view (b) View of the match area of the shell and the 

columns 

Fig. (1). Reinforced concrete parabolic cylindrical shell model.  

Damage Detection and Location  

 Depending on the damage location the following 
methods, permits to do simultaneously detection and 
localization, or only damage detection: 

- Vertical displacement variation; 

- Elastic curvature; and 

- Elastic curvature variation. 

Vertical Displacement Variation Method  

 This method is based on the analysis of the parameter 
corresponding to the percentage difference between the 
displacements of the undamaged and damaged structure, at 
each point. 

 This parameter is an index of its rigidity variation, and is 
defined as: 

( ) 100% =
iUD

iUDiD
i

y

yy
 (1) 

Where: yiD represents the displacement of the point i in the 
damaged structure, and yiUD the displacement of the same 
point in the undamaged structure. It is interesting to mention 
that this methodology was used by the authors [17] in plane 
structures damage detection.  

 

(a) General view  

 

(b) View of the match area of the shell and the columns 
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Model Analysis with Damage at the Free Edge 

 Figs. (2-4) shows the percentage vertical displacement 
variation of a parabolic cylindrical shell structure with 
damage on a surface of 0.80 m x 0.80 m at the free edge. 
Three damage location at x = 7.4 m (Fig. 2); x = 14 m (Fig. 
3) y x = 11 m (Fig. 4) are represented. For each location 
different damage severities a/h are considered. It can be seen 
here that in the place where the damage is located there is a 
gradient sign variation of the vertical displacements 
variations and consequently, the curvature changes.  

 Figs. (2) and (3) shows that the maximum variation in 
vertical displacements occurs at the affected zone. 
Furthermore, this variation is greater when the relation a/h 
increases, that is when the damage severity increases. 

 

Fig. (2). Vertical displacement variation [%] with different damage 

severity at x = 7.4 m, y = 0 m. 

 

Fig. (3). Vertical displacement variation [%] with different damage 

severity at x = 14 m, y = 0 m. 

 When damage is located at x = 11 m (Fig. 4), the 
differences in vertical displacements in relation to damage 
severity are minimal at that zone, but increase when moves 
off. This means that the methodology loses sensibility to 
estimate damage location when the affected zone is located 
in an intermediate zone between the edge beam and the 
center of the span (in the x axis direction). 

Model analysis with damage in the central zone of the 

longitudinal span  

 Fig. (5), shows the vertical displacement variation when 
the damage area is located in the central zone of the 
longitudinal span. An insignificant perturbation appears at 
the damaged area. A similar behaviour can be observed 
when the damage is at different locations in the direction of 

the “x” axis, so it can be concluded that, in this case, the 
methodology can only be applied for damage detection, for 
damage location it has no sensibility. 

 

Fig. (4). Vertical displacement variation [%] with different damage 

severity at x = 11 m, y = 0 m.  

 

Fig. (5). Vertical displacement variation, with damage at x = 7.4 m, 

y = 15 m, a/h = 0.5. 

Model analysis with damage on the tensor zone 

 Fig. (6) shows the vertical displacement variation when 
damage is located on the tensor zone. It can be seen that in 
this case, there is an important change in the vertical 
displacements variations (in the zone where damage is 
located). A similar behaviour can be observed when damage 
is at different locations in the direction of the “x” axis, so the 
methodology can be used for damage detection as well as for 
damage location. 

 

Fig. (6). Vertical displacements variation, with damage at x = 7.4 

m, y = 20 m, a/h = 0.5. 
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 Regarding the effect of damage on the stress state of the 
shell, it was found that in the undamaged part, stresses did 
not exceed 1 MPa, by 90 to 95% of the shell surface, and 
in the remaining area, did not exceed 5 MPa. In the damaged 
area, in the worst case that is when the damage is located 
near the support and with a / h = 0.7, the compressive 
stresses varied between 5 and 9 MPa, which are allowable 
stress values. 

Elastic Curvature Method 

 The vertical displacement values obtained in certain 
points of the structure, can be used to obtain the elastic 
curvature in different points of the deformed structure, by the 
Central Finite Differences. This way, the curvature is as 
follow [18]: 

1,....,2

2

2

11

2

2

=

+
= +

ni

s

yyy

dx

yd ii

 (2) 

Where: s represents the distance between two adjacent points 
(step), whereas y, represents the vertical displacement at a 
certain point and n the number of points available in the 
mesh. 

 It is important to mention that this methodology does not 
depend on the undamaged structure information, which is an 
advantage when this information is not available. 

 The graphic of the elastic curvature for an undamaged 
structure, represents a slight shape, while a peak or a 
discontinuity in its shape shows an abnormal variation of the 
rigidity in that position, produced by damage. Hence the 
damaged area can be localized using this technique 

Model analysis with damage at the free edge 

 Fig. (7) shows the elastic curvature, calculated according 
to equation (2), in relation to the location of each point in the 
mesh, for an structure with damage located at x = 7.4 m, 
with a damage severity of a/h = 0.5. Here a pronounced 
variation of the damaged area can be seen. The same 
behaviour occurs when the damage location is at x = 11 m. 
However, when the affected area is near the columns (x = 14 
m) this pronounced variation is not seen.  

 

Fig. (7). Elastic curvature, with damage at x = 7.4 m, y = 0 m, a/h = 

0.5. 

Model analysis with damage in the central zone of the 

longitudinal span 

 Fig. (8) represents the elastic curvature, in relation to the 

location of each point in the mesh, with damage in the 

position corresponding to x = 14 m and severity damage a/h 

= 0.5. As can be appreciated here the damaged area presents 

a pronounced variation. It is to be noted that when damage is 

located at the central zone of the span or near the zone 

located at the quarter of the span (in the x axis direction) 

these variations are small. Hence in the last two cases, it is 

very difficult to detect the existence of damage. 

 

Fig. (8). Elastic curvature, with damage at x = 14 m, y = 15 m, a/h 

= 0.5. 

Model analysis with damage at the tensor zone  

 Fig. (9) shows the Elastic Curvature in relation to the 

location of each point in the mesh, with damage at the tensor 

zone, in the position corresponding to x = 11 m and with a/h 

= 0.5 damage severity. Here that the damaged area presents a 

pronounced variation and similar behaviour can be seen 

when damage is near the central zone of the shell. When the 

damaged zone is located, close to the beam, it does not 

behave this way, but presents a discontinuity that is difficult 

to detect. 

 

Fig. (9). Elastic curvature, with damage at x = 11 m, y = 20 m, a/h 
= 0.5.  
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Elastic Curvature Variation Method 

 The difference between the curvature of the damaged and 
the undamaged structure, estimated by means of Equation 
(2), is used as a parameter for the location of damage, that is: 

=

udd
dx

yd

dx

yd

2

2

2

2

     Variation  Curvature Elastic  (3) 

Model Analysis with Damage on the Free EDGE 

 Fig. (10) shows the elastic curvature variation, in relation 
to the location of each point in the mesh, with damage in the 
position corresponding to x = 11 m, y = 0 and with a/h = 0.5 
damage severity. This figure shows that the damaged area 
presents a pronounced variation and similar behaviour is 
apparent when damage is at x = 7.4 m, x = 14 m and y = 0.  

 

Fig. (10). Elastic curvature variation, with damage at x = 11m, y = 

0 m, a/h = 0.5. 

Model Analysis with Damage in the Central Zone of the 

Longitudinal Span 

 Fig. (11) represents the elastic curvature variation in 
relation to the location of each point in the mesh, with 
damage at x =11 m, y = 15 m and a/h = 0.5 damage severity. 
The damaged area presents a pronounced variation; a similar 
behaviour is noticed when the damaged area is at x = 7.4 m, 

x = 14 m and y = 15 m. 

 

Fig. (11). Elastic curvature variation, with damage at x = 11m, y = 

15 m, a/h = 0.5. 

Model Analysis with Damage on the Tensor Zone 

Fig. (12) shows the elastic curvature variation in relation to 
the location of each point in the mesh, with damage at x =11 
m, y = 20 m and damage severity a/h = 0.5. It can be 
observed that the damaged area presents a pronounced 
variation; a similar behaviour is noticed when the damaged 
area is at x = 7.4 m, x = 14 m and y = 20 m. 

Detection and Location Techniques. Results Analysis  

 Table 1 shows the conditions determining whether 
damage location or only damage detection is possible with 
the use of the different methodologies presented in this 
paper. 

 The technique based on the elastic curvature variation 
which depends on the information of the undamaged 
structure, presents a great ability to locate damage in shell 
structures regardless of the severity of the damage than other 
methodologies presented.  

Table 1. Different Techniques Presented in this Paper and Their Applicability as Detection Technique (D) or Location Technique 

(L) as a Function of Damage Location 

Location according to “x ” direction  Location according to 

“ y ” direction 

 METHODOLOGY 

7.4 m 11 m 14 m 

Vertical Displacement Variation L L L 

Elastic Curvature L L D Free Edge Zone 

Elastic Curvature Variation L L L 

Vertical Displacement Variation L D D 

Elastic Curvature L D D Span Central Zone 

Elastic Curvature Variation L  L L 

Vertical Displacement Variation L L L 

Elastic Curvature L L D Tensor Zone 
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Fig. (12). Elastic curvature variation, with damage at x = 11m, y = 

20 m, a/h = 0.5. 

 The methodology based on the vertical displacement 
variation, in the case of shell structures, can be used for 
damage detection with good results. For damage location it 
does not prove to be a good index, because the sensibility of 
this parameter depends strongly on the location of the 
damage. 

 It is important to mention that shell structures possess 
important surfaces so, it is impossible to assure that the 
mechanical properties of concrete will remain constant in all 
its extent. On the other hand it is not always possible to 
determine the true Modulus of Elasticity in situ. Hence, with 
the purpose of quantifying the errors produced when an 
estimation of the concrete properties is used in the analysis, 
three models with Modulus of Elasticity in a range that 
correspond with the maximum (E = 3.00 E+10 N/m

2
), 

average (E = 2.07 E+10 N/m
2
) and minimum values (E = 

1.50 E+10 N/m
2
) (usual values for this material), were 

investigated. It was found that, the vertical displacement 
differences were lower than 10%. Because of this, the error 
produced when the values of vertical displacements, 
corresponding to the undamaged structure, are calculated 
numerically, has no significant influence on the results of the 
detection, location and quantification of damage. On the 
other hand if a structure works on dominant flexion, for 
example a linear frame, depending on the type of loads it is 
subjected to, the variations in the displacements values, due 
to the value of the modulus of elasticity, are much more 
important. 

 It may be noted that in the case of having more 
than one damaged area, the methodology for the 
detection and location of damage applies. 

Damage Quantification 

 Once the damage has been located through the techniques 
previously described here, the following step is to establish 
its magnitude. 

 Although the damaged area may be visually detected, 
there is uncertainty as regards its magnitude in the interior of 
the structure. In order to cope with this, it is necessary to 
make a numerical model of the structure with the damage 
simulated in the location determined visually, or located 
using the methodologies previously presented, or by the use 
of an experimental technique (for example, ultrasounds). 

 After locating the damage, its surface area on the shell 
can be estimated visually, in case of having access, and / or 
by experimental techniques (for example, ultrasounds), and 
then, with this information the numerical models can be 
built. 

 In this paper, in order to show an application of the 
technique for quantifying the damage in the structure, 
models with different location and damage severity are 
analyzed by means of a numerical method, taking a damage 
extend of 80 x 80 cm and a longitudinal location y/L =0. As 
a consequence, graphics in 3 dimensions were obtained in 
relation to the following parameters: location, severity of 
damage, and a third parameter related to the mechanical 
behaviour of the damaged structure. Then, entering the 
graphic (Fig. 13) with damage position, in the direction of 
the smaller side of the shell, x/L and with the parameter 
related to the mechanical behaviour of the damaged 
structure, i.e. vertical displacements, elastic curvature 
variation or volumetric displacement, the value of the 
damage severity a/h can be obtained. 

 The mechanical parameters used in this paper were the 
elastic curvature variation and the volumetric displacements 
[19], with the purpose of finding out which of them is more 
sensitive to damage severity.  

 The last parameter mentioned above, named in this case 
vertical volumetric displacement (VVD), takes into account 
the variation of the vertical displacements throughout the 
structure. This parameter can be defined as the summation of 
the product of the vertical displacement produced in each 
point of the mesh by its influence volume [20]: 

=

=

n

i

ii VyVVD

1

 (4) 

 Then,  

the vertical volumetric displacement has the advantage of 
taking into account a higher volume of information, so if 
there were an error in a measurement, it would have a 
smaller impact on the final result. 

Damage quantification results analysis  

 Table 2 shows the values of the parameter’s vertical 
volumetric displacements and elastic curvature variation 
with the corresponding values of the relations x/L (location) 
and a/h (severity).  

 Based on the results presented in Table 2, it is clear that 
the elastic curvature variation shows an important percentage 
variation, in the range of severities examined, regardless of 
the damage location. In the case of the vertical volumetric 
displacement, the percentage variation is reduced. Hence, 
considering this low percentage variation, it can be 
concluded that the vertical volumetric displacement is not a 
noticeable parameter for damage quantification.  

 Fig. (13) shows the elastic curvature variation as a 
function of severity (a/h) and location (x/L) of damage. 
Damage severity can be determined through this graphic if 
ones get the value of the elastic curvature variation and 
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damage location x/L, in the same way as it was explained in 
point 2.4. 

 

Fig. (13). Elastic curvature variation in relation to location and 

severity of damage (y/L = 0).  

 It may be noted that in the case of having more 
than one damaged area, the methodology for quantification 
would only apply when the zones of influence 
of damaged areas do not overlap, depending on the size of 
the influence zone for the type of shell considered. It is 
important to bear in mind that ruled shells are more sensitive 
to these disturbances, so that areas of influence are 
greater than in non-ruled shells. 

CONCLUSIONS 

 The methodologies presented here may be important 
tools when studying pathologies in shell structures as they 
can detect, locate and quantify damage, as well as monitor its 
progress as time goes by, in order to detect the right time for 
their repair. 

 It is important to emphasize that for the detection of 
damage the methodologies here shown Vertical 
Displacements Variation, Elastic Curvature and Elastic 
Curvature Variation are applicable. With regard to the 
location, the most sensitive is the Elastic Curvature 
Variation.  

 It must be kept in mind that, in the presented 
methodologies, the reliability of the results strongly depends 

on the quality of the vertical displacements measurements 
made in situ. 
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APPENDIX 

NOTATION 

 The following symbols are used in this paper 

a = Damage depth 

h = Shell thickness 

Vi = Influence Volume of point i 

VVD = Vertical Volumetric Displacement 

yiD = Displacement of the point i in the damaged 
structure 

yiUD = Displacement of the point i in the undamaged 
structure. 

i = Structure displacement variation at each point i 

E = Concrete Modulus of Elasticity 

 = Concrete Poisson's ratio 
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