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An Analytical Formulation of Stress-Block Parameters for Confined Con-
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Abstract: In order to evaluate the capacity of RC members, the main codes allow the use of stress-strain laws that can re-
produce closely the real behaviour of concrete, as opposed to parabola-rectangular or equivalent rectangular diagrams.
Both sectional strength and ductility depend on the law of concrete, therefore they are influenced by the confinement of
members, as evidenced in the literature. In this paper a possible design approach is presented, based on classic section
analysis methods. The method uses parameters that represent the stress-strain law of confined concrete. The studies car-
ried out show that such parameters can be chosen through simple relationships depending on the strength of non-confined
concrete, on the amount and geometry of longitudinal and transverse reinforcement, and on the geometry of the section.
At this aim some numerical analyses have been performed using an analytical model of confined concrete, capable of tak-
ing into account all the mentioned effects, even in the case of various sources of confinement, when different types of
hoops and external elements (FRP wrappings, steel plates, etc.) are used. More in detail, the section interaction diagrams
for the different limit states requires the definition of an appropriate upper bound for the strain of concrete. Therefore the
study focuses on the possibility of using stress-blocks depending on the maximum stain assumed, or on the level of resid-
ual stress accepted in concrete according to a specified limit state. Further studies will extend the parametric analysis in
order to obtain design equations to be implemented in codes.

INTRODUCTION

In the last years the main design codes have adopted the
performance approach. By considering the important limit
states, this approach defines the performance level requested
to the overall structure and its members.

Referring to the RC structures, the main researches re-
gard the modelling of materials and members, and the devel-
opment of the finite elements (for non linear analysis) capa-
ble to describe the non-linear phenomena.

It is well known that the RC buildings behaviour is es-
sentially due to the flexural response of the members and
their axial load level.

Neozeland Design Code 3101 (1995) [1] and Eurocode 8
(EC8) [2] link the transversal reinforcement bars to the
global and local ductility behaviour.

The transversal reinforcement contributes to better the
structural ductility. This for two reasons: it impedes the
buckling of longitudinal bars when the section reaches high
curvatures and modifies the concrete stress-strain relation-
ship increasing strength and ductility. In this way we have an
increasing of section curvature and consequently of global
ductility.

For these reasons the confinement of the concrete has a
very important role in structural engineering, and in recent
years it regards strengthening of the existing buildings, too.
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In order to evaluate the capacity of the RC cross-sections,
the main codes allow to use simplified relationships for con-
crete under compression (parabola-rectangle and equivalent
rectangular distribution, also called stress-block). As an al-
ternative, Eurocode 2 (EC2) [3], ACI 318 [4] and NZS 4203
[5] allow to use stress-strain laws that reproduce closely the
real behaviour of the compressive concrete.

According to previous researches about compressive
concrete, this paper has the aim to provide a first approach to
evaluate the capacity of RC sections by the use of stress-
blocks for confined concrete.

An analytical evaluation was carried out using a model
that estimates analytically the confinement effects on the
core concrete. By considering the interaction between con-
crete and transversal/longitudinal bars and/or transversal
strengthening (as FRP), this model provides a global pa-
rameter called “equivalent confining pressure” that allows us
to evaluate the stress-strain relationship for confined con-
crete.

Moreover, analysis have been made supposing plain sec-
tion remains plane after bending, strain in bounded rein-
forcement bar is the same as that in the surrounding con-
crete, tensile strength of concrete is neglected.

The results have allowed to propose a first formulation of
stress-block parameters (depending to materials strength,
section geometry and confinement level) to use within the
RC section equilibria.

It has been also investigated the influence of compressive
concrete maximum strain on the capacity of the section.
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FLEXURAL STRENGTH OF RC SECTION

In order to evaluate the RC section capacity, the follow-
ing classical assumptions are made:

* non-linear constitutive laws for materials. The
maximum strains assumed depend by the state
limit considered.

» plain section remains plane after bending;

» the strain in bonded reinforcement is the same as
that in the surrounding concrete;

» concrete tensile strength is neglected (for all limit
states where concrete is cracked).
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Fig. (1). Stress and strain diagrams along the section.

For each deformation profile fixed along cross section,
the M-N couple in balance with internal forces is described

by:

N=C, + 2 Ao, @

M =Cc'(g—yc)+|:1[ﬁsi05i(di—2)} @

STRESS-BLOCKS

In previous equations instead of real o-¢, it is allowed the
use of a rectangular equivalent diagram for compressive con-
crete called stress-block.
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Fig. (2). Stress-strain relationship for concrete and equivalent rec-
tangular diagram.

By fixing the maximum concrete strain ey, the stress-
block is described through the effective strength af.y and the
effective height of compression zone fecm. These parameters
are given by:

J;)cm O-Cdgc =afcd “Béem (3)

j;gcm o.e.de, =afy - Bey ‘(1— O,Sﬂ)scm 4

Referring to unconfined concrete, EC2 permits to use ei-
ther a parabola-rectangular or a simplified diagram as the
rectangular equivalent one, whose parameters are given as a
function of concrete strength (Fig. 3).
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The EC2 also furnishes the stress-strain relationship for con-
fined concrete and its ultimate strain, but does not indicate
the upper limit for each limit state.

11— Effective strength calculated — — Effective height of compression calculated
Effective strength EC2 —— Effective height of compression EC2
1
_____________ -
~
~
-~
~
0.9 RS
s S~
< === N N ———
038 N
~o
0.7 - Ec2 e
A=08 per f, <50 MPa n=10 per f, <50 MPa
2208 - (f, 50 )/400 per50 <f, =90 MPa 1 =10-(f, -50)200 ~per50 <f, =90 MPa
0.6 T T T T 1
20 30 40 50 60 70 80 20

fa (MPa)

Fig. (3). Stress-block parameters of unconfined concrete in accord-
ing to EC2.

The Fig. (4) shows stress-blocks adopted by some na-
tional codes [1-9].
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Fig. (4). Stress-block parameters furnished by some national codes.

As the EC2, the ACI 318, NZS 3101 (1995) and Italian
code D.M. 14/09/2005 [6] too, allow to use o-¢ diagram
which can reproduce more closely the real behaviour of con-
crete.

ANALYTICAL MODEL USED FOR CONFINED
CONCRETE

To obtain stress-block parameters for confined concrete,
numerical analyses have been made using a completely ana-
lytical model of confined concrete, proposed by three of the
authors of the present paper (Braga, Gigliotti and Laterza

[10D).
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The key assumption of the model is that the increment of
stress in the concrete section is produced without any out-of-
plane strain. This means that the confinement exercised by
the transverse reinforcements should take place in plane
strain conditions.

In general terms, referring to a generically representative
cross section, the stress-strain relationship for concrete can
be written as follows:

o (fz):f’zo (Sz)"'AGz (gz) (%)

where o,(g;) and oy(¢,) are the stress of confined and uncon-
fined concrete, respectly; ¢, is the related strain. Ao,(e;) is
the strength increment related to the triaxial state. This in-
crement is proportional to confining pressures, caused by the
transverse reinforcements and their distribution, to the char-
acteristics and to the structural element dimensions.

With reference to the previous hypothesis, the strength
increment Ao,(g;) due to confinement is constant inside the
section, and is given by:

, = 2vBI? (6)

where
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Fig. (5). Confining pressure along internal circumferences.

Fig. (5) shows, in polar coordinates, the confinement
pressure.

On cylinders internal to section (square or circular), the
mean confining pressure f, is given by:

f.. =-BI (8)
and substituting into Eq. (6):

Ao, (fr Tom ) =Ao,=-2vf, , =Ao, (f,m) 9

The ., pressure is a constant varying the radius of cylin-
ders. Therefore, this parameter is appropriate to describe in
every point the confining state inside the section. f., is also
called “equivalent confining pressure”.

Braga et al.

J=kafom
Fig. (6). Distribution of vertical confining pressures.

The model takes into account the distribution of confin-
ing pressures offered by longitudinal reinforcements (Fig. 6).

By assuming that the pressures distributed along the
structural element are uniform, the confining pressure f,, is
reduced by the following parameter:

4 3
g = (10)
455 + B&,

¢I0n

where & = =¢I—

ﬁ ¢Ion
when the bending stiffness of longitudinal bars becomes neg-
ligible, only the arching action between two stirrups spreads
the confining pressures along the column. Thus, it can be
assumed that k, =k_, where k. is given by the relationship
(Sheikh and Uzumerl 1980) [11]:

2

S
- o

The effective confining pressure due to square stirrups
becomes:
f = ksl frm (12)
By using the analytical formulation of the confining pres-
sures obtained for square section and/or circular sections
with a single stirrup (S1 and/or C configurations), the pres-
sures applied by other highly complex configurations of
transverse reinforcements can also be obtained. In such
cases, in order to calculate the confining pressure f,, the prin-
ciple of superposition is used and applied to the pressures f
calculated for each stirrup and/or FRP/Steel wrapping (Figs.
7-8).
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Fig. (7). Square and circular reinforcement configurations.
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Fig. (8). External jackets (FRP and Steel).

For example, for the sections confined by internal and
external stirrup (Fig. 9), the confining pressure is given by:

fr = i fri + fr(-z (13)

Referring S4 section (Fig. 9), f, is obtained by:

@ f, =(1+%) a2t (14)
©) £ =1, + 221, (19
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Fig. (9). Section S4.

(a)

As examples, consecutively stress-strain relationships are
plotted and evaluated for two analyzed cases. Figures also
show the confining pressures (as a function of longitudinal
strain of concrete) separately applied by internal and external
reinforcements and the resultant confining pressure .
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Fig. (10). S3 section type. Confining pressures and stress-strain
relationship.
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Fig. (11). S3 section type with strengthened by FRP Confining
pressures and stress-strain relationship.

For S3 section type, it can be observed that the confining
pressure remains constant beyond the point corresponding to
the yielding stress of steel.

Instead, the result confining pressure due to FRP in-
creases after the yielding of internal stirrup until wrapping
failure occurs.

FLEXURAL STRENGTH OF RC CONFINED SEC-
TION

For studying the confined section are requested two dif-
ferent laws for the concrete: a confined o-¢ for core and an
unconfined one for cover.
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Fig. (12). Confined section: stress diagrams and internal forces.

The M-N interaction curve, for each limit state, is ob-
tained fixing the material longitudinal strains and turning the
strain profile around them. By referring to Ultimate Limit
State (ULS), Fig. (13) shows the deformation fields and M-N
interaction curve in according to EC2.

In general, the upper limits for material deformations de-
pend on the performance requirements.
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Strain diagrams at the Ultimate Limit State (ULS)

As‘ 0 %o Ew
T '
o5 / ‘r /
G \ =
—] N E
As Esm / 0 |
\,y
| N
Corresponding
interaction diagram )
@
©)
M

Fig. (13). Strain diagrams and interaction curve in according to
Eurocode2.

By referring to ULS, the EC2 and D.M. 14/09/2005 as-
sume for strain compressive concrete the limit of 3,5%.. In-
stead, this limit is equal to 3% for ACI 318 and NZS 3101
(2005). As shown in previous experimental tests these limits
are referred to unconfined concrete sections [12].

To analytically evaluate the influence of maximum de-
formation assumed on section strength, it has been utilized
the software Response2000 [13] .

This software puts no limit to the maximum material de-
formations. Once fixed the axial load N, it researches the
strain profile to which the maximum flexural strength corre-
sponds.

The analysis have been made referring to a square section
(L=500 mm) and using four o-¢ relationships for concrete,
obtained from unconfined concrete strength (f,,=30 MPa) by
different confinement levels (Fig. 14).
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Fig. (14). Stress-strain relationships considered.

Three different amount of longitudinal bars have been
considered (minimum, medium, maximum according to
ECS8).
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Fig. (15). Interaction curves and maximum longitudinal strains of
concrete referred to mean amount of longitudinal bars.
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Fig. (16). Maximum longitudinal strains of concrete referred to
minimum and maximum amount of longitudinal bars.

The preliminary study shows that:

» for each case analyzed, the strain e, corresponding to
maximum section strength is constant in a wide range
of axial force N;
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* g increases with increasing of level confinement in-
side the section and it results nearly independent from
the longitudinal bars percentage;

» unconfined concrete e, is close by the maximum
strain values adopted by some codes for the ULS. In
particular, this value is equal to the 3,5%0 according
to EC2 and to the 3%o. for the ACI 318 and NZS 3101
(2005).

As an alternative, the interaction curves can be obtained
by “conventional method”, which requests the definition of
material maximum strains. In this way, e, of concrete can
be fixed by the ratio:

y = me/fCC (16)

where f. is the peak of confined stress-strain curve, while .y,
corresponds to &, considerated.

Next figures (Figs. 17-20) show convectional interaction
curves obtained considering different y values.

By using the “conventional method”, the interaction
curve which is associated the maximum flexural strength of
RC section (Response2000 curves) is obtained, too. How-
ever, the appropriate y value is variable in the cases consid-
ered.
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Fig. (19). Interaction curves obtained varying the maximum con-
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It can be also observed that the section capacity tends to
decrease if €.y, increases.

In all cases considered the maximum strain of concrete is
more than 3%o or 3,5%0. Such values are, on the contrary,
close to unconfined cases, as numerical analysis have shown.

Fig. (21) shows a and p stress-block parameters ob-
tained, as a function of y.

EVALUATION OF STRESS-BLOCK PARAMETERS

As previously reported, main codes allow to use stress-
strain relationship that reproduces closely the real behaviour
of confined concrete. However, they do not furnish both
stress-block parameters and upper limit for strain of com-
pressive concrete for each limit state.

Moreover, main codes utilize the volumetric ratio of con-
fining reinforcement as a parameter which indicates the con-
finement level along the RC member.

However, as Fig. (22) shows, the geometrical volumetric
ratio of confining reinforcement ps is not appropriated to
indicate the confinement level along the column. Infact, it is
not the same for the different types of transversal reinforce-
ment even if ps is a constant in all cases considered.
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Fig. (22). Stress-strain relationship of concrete for different types of
reinforced section. (p=0.02, L=500 mm, ¢;=12 mm, ¢,=8 mm,
fe0=30 MPa, f,=430 MPa).

In order to obtain a first analytical formulation of stress-
block parameters for confined concrete, analytical analysis
were carried out. Three different values of unconfined con-
crete strength fy (20, 30, 40 MPa) and three different of lat-
eral tie length L (300, 400, 500 mm) have been considered.
Stress-block parameters obtained are reported as a function
of transversal reinforcement spacing S and of maximum
concrete strain g., by y parameter.

a parameter

In Fig. (23) are plotted o values of all the analyzed cases.
It can be observed that for each y value considered the results
are less scattered around medium value, unless for y less than
0,75.
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Fig. (23). Variation of a parameter with spacing hoop for various vy
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Fig. (24) shows three curves referred to the smallest, the
medium and the biggest a values obtained as a function of y.

According to the results, it could propose the following
expression for a:

a=0,05+y=< 0,9 a7
The effective strength af,. is given by:
fee-sB = afe = aks feo = akske e (18)
where

feo is the unconfined concrete strength

ks is the ratio of confined concrete strength f. to uncon-
fined concrete strength fy

k. is the ratio of the column compressive strength (f,) to
the cylindrical specimen strength (f°;). For the ULS, Sheik et
Al. (1990) [14] have proposed for k. the following values:

ke =0,85 perN = NO}

=1 (19)

per N < Np

with a linear interpolation for intermediate cases. In the pre-
vious relations, N is the axial load applied, and N is the bal-
anced axial load.
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Fig. (24). o parameter: minimum, mean and maximum value
for each y considered.

For N=N, a is equal to 1, while as shown by obtained re-
sults, for y=0.9-0.95 (corresponding to the maximum flexural
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strength of the section) o assumes a value next to 0.9. There-
fore it could propose:

agLU =a-ke =0,85 perN =N (20)
GELU =a-ke=0,9 perN =Ny

Finally, for ULS we assume only one value for a k. equal
to 0.85 which is the same for main international codes.

In general, for the different limit states, the strength of..
of stress block could be expressed as shown:

fec_sp =afee =a kg fe (21)
where
o =0,05+y= 0,85 (22)

B Parameter

In following figures are represented the main results re-
lated to p parameter.  can be plotted as a function of trans-
versal reinforcement spacing and of concrete strength. The
numerical analysis show that f is little sensitive to the lateral
length tie.
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Fig. (25). Variation of 3 parameter with spacing hoop for various y
values (f,,=20 MPa).
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In Figs. (28-30) are plotted p values for three f., consid-
ered, fixing y.
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Fig. (29). Variation of 3 parameter with spacing hoop for various
feo values (y =0.90).
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Fig. (30). Variation of 3 parameter with spacing hoop for various
feo values (y =0.85).

In Figs. (31-33) p is plotted as a function of unconfined
concrete strength for some values of y.
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Fig. (31). Variation of ( parameter with unconfined concrete
strength feo (v =0.95).
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Fig. (32). Variation of f parameter with unconfined concrete
strength feo (v =0.90).
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Fig. (33). Variation of ( parameter with unconfined concrete
strength fe, (v =0.85).

According to the obtained results § parameter can be de-
scribed as (fo is in MPa and S is in mm):

B=a(y)+b(y)-S+c(v) feo (23)

where for a, b, ¢ parameters can be adopted the following
expressions:

a=-0.66-y +1.59
b =-0.0035-y +0.0062-y - 0.003 (24)
¢ =0.028-y% -0.0043-y +0.013

Strength of Confined Concrete f. (ks Parameter)

As Figs. (34-37) show, the confined concrete strength f..
is a linear function of wyg and is nearly independent both

Braga et al.
transversal spacing S and unconfined concrete strength fy
(unless S5 transversal reinforcement type).

Referring to ks parameter, f.. can be expressed by the fol-
lowing expression:

f

k == =1+ (p-po) & (Fuo) (252)
c0

pg =0,0025 (25b)

f
=-11,79--C0 +43 19
Es1 20

f
Es3 = —12,93'%0+48, 78
fo (26a)
_1=-2,67--C0 410,56
Es441 20

f
_p=-10-—0+32 07
€s4-2 20

For S5 section f is a function of lateral length tie, too.

f
£g5=-8,5—L +b(L) (26b)
20
where
L
b(L)=-11-—+53,56 (26¢)
300
In the previous expressions f., is in MPa and L is in mm.
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Fig. (34). S1 section type. Variation of strength of confined con-
crete with ps,
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Fig. (35). S3 section type. Variation of strength of confined con-
crete with ps,
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Fig. (36). S4 section type. Variation of strength of confined con-
crete with ps,
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Fig. (37). S5 section type. Variation of strength of confined con-
crete with ps,

CONCLUSIONS

It has been studied the behaviour of RC sections with
flexure and axial load considering the confinement effects.

Utilizing the analytical model for confined concrete pro-
posed by Braga, Gigliotti and Laterza [10], it has been car-
ried out analytical analysis according to the classic section
methods.

The analysis done put on evidence the importance of the
maximum concrete strain to utilize for evaluating the interac-
tion curves of section. This strain depends either on the con-
crete strength or the confining level inside the section. It has
been also deduced that the only one parameter p is not

The Open Construction and Building Technology Journal, 2008, Volume 2 165

enough useful to describe the confining state along the
member.

Varying the maximum concrete strain it is possible to
calculate the section strength in different limit states. For
example it can be defined the maximum concrete strain
guaranteeing the concrete cover wholeness or the ultimate
concrete strain to calculate the flexural section strength in the
last state of collapse.

In this paper, a new analytical formulation of stress-block
parameters for confined concrete is presented. The obtained
equations, relating to the considered cases, are simple to use.

Later, these analytical evaluations can be enlarged to a
wide range of cases in order to obtain mathematical equa-
tions of a more general value.
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